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Abstract

Three incompatible frontier answers to “what is education” are currently on offer.
Semiotic accounts hold that education is semiosis, and that it suffices to look at the
interpretants a learner produces. Brandom-inspired inferentialism holds that education is
initiation into a web of reasons, and that it suffices to look at which inferential moves a
learner can make. Statistical learning theory holds that learning is induction under a given
hypothesis class and distribution, and that it suffices to look at whether the conditions
match. The three routinely deliver incompatible verdicts on whether the same student has
learned, yet all three quietly presuppose that “having learned” is a property of the learner
which they merely read from different sides. The material that overturns this
presupposition belongs to the third family: the No-Free-Lunch theorem states that
generalization has no content apart from a target distribution, and the theory explicitly

places the origin of the hypothesis class outside its own jurisdiction. This paper therefore



argues that education is neither the delivery of content to a receiver, nor the mastery of a
communally given web of reasons, nor the reduction of generalization error under given
conditions, but the contraction of the set of ways of proceeding still compatible with
everything a learner has done so far — and that which branch survives becomes visible only
on items that have not yet been set by anyone. We name this class of items boundary
items, with the accompanying reading rate of undetermined ways. The criterion contains
no modal terms: given everything this student has answered so far, how many mutually
distinct ways of proceeding would get all of it right? We prove four formal propositions, two
of them new: separating power depends only on the set of distinct skill-requirement
vectors, hence not on the number of items; and an item’ s power to separate ways of
proceeding decays exponentially in the number of skills it requires, peaking exactly at
single-skill items. We run the test on a public dataset analysed for over thirty years: 256
skill-mastery profiles collapse into 58 classes over 20 items, the largest containing 64
profiles that no item separates; only 15 of the 20 items carry distinct requirement vectors,
the remaining five contributing exactly zero; removing a single one-skill item doubles the
largest class to 128, while the test’ s hardest item carries one eighth of that item’ s
separating power. Observed per-item separating power matches the closed form cell for

cell. Two results unfavourable to our thesis are reported in full and used to narrow it.

Keywords: boundary items; rate of undetermined ways; separating power; equivalence

classes; ontology of education; non-identifiability
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BMZE r, r R EHES [ EREEEEME. W 1 &880 {r, o'} o Ph %,
Hix—&185 TR,

UERAR A SO BRI, (HERE NS, Bl ISR S, QUER P SRAIARAE — A E1EE —
B, AN BB = EE, WSR2 — AR 2 af e, RS 2A7%
£ MEMIEEE—BC MEEN, 2¥tInREE, 2 AR RN K, & R R8Iz
fto

XF A BBIE —NRBUTRI, B — MR R Bl K DURE” | 55— SRR s —
EREERIY TR A aifiag” —WREm & BRE - ENRERENEA, WARBREER
BHER L, T&:

P BRE— B RRAN AL, EESZEE LAk It. HinE, SEEk
9%0

IROBTRIZAUEN A 2 B, AEMEFHCREHEEHLTIEE (de la Torre & Douglas,
2008) o MAERICAHERIEEGES K, X DAZR Ao

. GERPERIRHT)

FEEBEART, R Q RE T2 2/ K MIREEEAN, HHNE Q WiTHEEES 2K
AR — R i, RO B IR A —E e PR AT,




XERABFMELMEELESE (Chiu, Douglas & Li, 2009; IERHS#E UL Kohn & Chiu, 2017)
AN EHRHR R EN—NER, AR SR A SRR :

ME—REFRME D IFIE, R FitA” HIRRNE,  —ERE PR, EESCEALMA Bl RIR
X EARMR, MZMIE TR X" ERAFRAFRER S, T2 EfEr S
IR PREE 2 ), FAE— DI REIEM. THEMEAERXAN" FrafR” N—aWsEm—1
GRS 1: )=

o= (P SRS RIS, AMRIUEIELD)

TEEBIEAT, WABEEERRAF 2T, 2 B NI B REE R A A5 &1
o At: MEEREZ RIS SR, 55 38X 0 stk %,

IERRE D, AR §(Q, a) BEHEA S(a) ={qE R Q:q<a}ltE, HFRQEZQ
MHS TR EZ S, PMRAREREEREMR, HHEY S(a) = S(a). TREmHIVEHHH
R_Q &, SHMIAEELE T2/ MRTXK, I,

fEe—: FMREAET 24|R_Q|, SHE ] Tk, Hie— (ESLH) :© —fEH, MEREZ RN
RE5CHEHMEINE, JCieihZ/PiE, SARIMER P — e IEE, NEms. %
LRSI SRAESLINEE_ B — S ER R

iy GRS BN, REr Ry

B EEOR m IEE (m = 1), WHE K TRRE. 22K MR 2R, BREIITRIB LG
N

N(m) =2~(K-m) (22K - 2~(K — m))
H N(m) £ m = 1 F™Ri%m; N(0) =0,

UERA: BEBMIZBIRIREETS, BAPEAE BT ER m ML E 2B 1 U, £ 24K -m) P; &1
NEE 27K - 2~(K = m) D @S FFER" —DNEN. —DNETAN” RAREX, SEHBE =
2, A x=2~K-m), M N=x(2:K - x), 7£x\<2~(K — 1) Bfhfi x 388; m > 10 x < 24(K -
1), Mm¥R BN BN REREDN m=08x=2+K, N=0, Uk,

IXZRAFAEB AT REAANEL N T — MR KR, THITAZEAY:

BT PHGERIGES), BEEFTEORIEREBURISE PR BRERG % m =1, ik’ B
" KRR L,

m = 0 WA HERE R —EESSME TSR, XE5EE . BIEREERZ
ER5 —i—— —IEEOR AU RERINEE, P A BRI\ r e — (5 K = 8 ) o N
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ASCAN R TARHE_ERHES . AT — B AR A A N EE R AR, B R AR RS
—Mg, FRANSEER S R ARSI RIS R

7.1 B S

B 25T R BORENS: @, J\IiHAE (Tatsuoka, 1990) . E/EINHIS WU 4T
SEREZN—mEIE, = TREEHEREHTHEERIE, AT RERE R BUEH TR S5 IER RIT bR A
(de la Torre & Douglas, 2004) , BFEHK, ERESENIEXFET= (Zhang, DeCarlo &
Ying, arXiv:1303.0426) . J\IFZRER: HEREU G 1EBEER D 5086530 TF; FedIE
W 85 WEEEGEMERL; BNERL; 2 FHEEG EEE R R E,

Gilt Z AR S BES SR, Ha MR

- HI: ZJEEA e, AIFERRNREEERA A g 2R EEEE AR, HE: ZRAEN
FBKRTF,

- H2: fHAE” Hli—E@on " psOn; BERZE, SMRE0™i M, HlE: =20—x,

- H3 (AmEEM, HRTREATH—F) « Ao ARREERER M, EEREREESA
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- H4: fESBEAT, HAERE 2NIBREEREAE —b, B—6GM0z, WY 2xX” 21X
EHMEERT Me—MEE” , ARSI SR EX T HER LI, X —FBRALN AR
A, RS HEIE S,
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H1 0%, AL PN EREEREEN, £ HEE BRI\ DENE: =+ 2 NE8T
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V& avA -5
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T ARRE A ERS W BB B,

RERM, wBRIRE 4, BIUR" ZEEEBA TR AUREKA T
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IR I RER m 12X N(m) S 53 TFR B ¥ SUIESE USRS
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AHIGIR—: H4 Rz, EEEHEATS, MAEAFESXIRREEEEXRAE 4 thil2ll, EXE
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TRAFERATRES NI ERRIE — "0 IAARE R e] DERENA IR ERHR, Hax
AUAE R P RIMTA R 2" —HOXIRSEEHIE T fEITHRG T, XATEZRAT, mmHEHARRE,

PARER, WS —AEE,  ASOHEE T IEREAR: 2ERERGES R RRE D
A7 ER HA TN IRA ESE:
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JUTA40 Rl {EWE—F A TFEURT SIS, SPERGR FR — ML, SR — AN
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— NS EA T BRI AT, RUSLRIBEIRMERR R — MR, i, ASCRAURINX
—i, MRS E,

EIX IR R AR AT AT TS 2R, B 2R BRI SR AT 5K SRR HINERE, RAR
BRI, EFURINBRRRIARE, (URBCE ARBE IR NRE—BION” f0R” B8 SO $2RE
£, BEGHZ, FREOBHERD, ZEpERERGDEIESR, MR R R0 S IF5IER
ML AR TP AR, FAENE, RIESFRITIRLE, TARRERIER, EAREM— 0 2IT
HE VIR AL,

XA AHIGR R, A FKSR 7 PiiiiX—4), miiX—f) FREOR IRy :
AR BERICRENRRME" , MREERIE A ERIAE — TR 4
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MR HRAI T

IXIER SN — D RATHNE: BEX DR, EAREAEHEN, B 7.

7.4 XOBARRES 7 —fFH

WINGTERE: AT A RAES LR, RN EERIREEN, ALFEEAR
A, BEXIET AIIFT KT pfIHHEEZAEART | W AR NIER AR — RN
AEFAEARRRETR AN MEF T AR, BT AR LG TSI — . BRG] 5
PELEBIRON 5, R E5

HE AT NEER: ASCEIERORZHIEMIME, X0 E8dErgmig il Rk,
BRI A RAOATIRS, TEDBIRE R, A SRR ERIEIE, AR, XA A
THEUE BT, EHERNR/ NSRS T,
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—MUREEE, FREHET 87, SREAERINT Y BRI G~ RAN R, FEt L, &
fbga i, g2kt

— - B TENERIL,  EER Y EAE MAEYE S DRSO IR BENE NE), &
MRARERER B, RAERIRIR, B2” WA RFESSENE 7 H—EMR” . BRESEETE
KERMFS (DeMillo, Lipton & Sayward, 1978; Jia & Harman, 2011) . Fll: {Efnf—"H4%E
TR, HAZEEZ RGN B2 & THERE R E, RIERETESRME, X
—HREMRESLIRIES:, ASUSTEUIHEERTT, AR,

- RIEEBRIPEIN,  PRIERMTERR X BT, A BRI S8 A R R R]
DIEREAPRINEE 28 IR A S, W IREX —FIRIER AN LHESE X RAEA R i/ N e sl (b 2
¥, BHALRARIS | (Gardner et al., 2020) o Wil: fEE—AJTF RN EHAIRTMARIER, H
TER SR bAoA B B2 i T EAN IR R IR ERYZMECR, ZR0B0K, Ui PEIER A 70 9 R
Ko X NEBIRTERBER.,

= - BEMENSE., LHI2BRE - iRE R, 7 BRI E” X MNRE, R —IE
SR —— AR REAE Y BRI A T L NS W o PR A, Pl (RS, “HERRZF LA X4
BV EE” BRERIZUTIERR” R HE RSOV EEZERI N IERR A X 7 B 25 DL (1] H
B, TR W IR ISR RE L.

P9 - RETRIEBRHLIEN, SUIREREER, RSB AN SR EIHL AT PAE 2
FHE _ERIUAER, Wl EARER B INIRRHER A — D ARIIAKNHIA G, FAaabRER H 2 Itrl
K, HUCBERFRDERNTESTE; pBERBG, HIARNERE 2P,

ho- ARAREIN B, MATAEAEEMEHIRFE EERMEE, SEWREMRTIHRZR —FEE R
B PRI AL —BERIGSREERIDT A A DN A S FE TR, Hor R i
TSR —ER AR AR M A 5,

N - RS, SR s TEE, HMPUZCREEE Nk, mil: SRR
AT AR, APPSO T E N (7] — B NS S5 3 B 70 BGER —— — B2 4177,
ANZHIWT

t - TIRABETZE, WFTERRERMEA, wRhmied, TZSENWHEA e, ml: 24
JERPRHILR R A —IROR TR A2 5)), 457 58 R AR R A SRR B BLR # 70 225 2R sl A
BTN IX AN 0 P N

I\ - BEERERE . ARSHUKKIE D RZ A ETE AN R, Wil WAEBTE R TS
IHFRANEENR, HAESEENHETT SRS ROR N MR G200, PP R, X2
Ak,
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Juo- BEMIA PR —RIREEAE, DS ERRIRIEERE A (—DBSOR, — M
BR) ATDAZXt. Pl e TORFFAZE, PETELIEINEZE RN — M FTE E, MAEEFRTH
BENBDBIEE; XRRE DI — IR R,

+ - ZONBERAIREMR R R, BRICRE TN RS H, Ml WAER—EE ESD
MFEFZN, HAPAEE N —FEB AL SN AR B 7 BRAHSMZS, Kimiiss
HIX 2R, BIONAHRIE” MM AR BT R’H.

- ARMAERIG RS, P NMZE O UEERCE, T RMRRARR, HRON R E SR E AT L
AN, fll: REFEDIRTRERMERTHEBER, WEASNIXDZERNRN 21N
%,

+ = AR — R TR, WRERIMT PRI LS MRS, HAU S8 7SR H R
iR PAsE A El, Pl [F—HtRIE SIS IR @ A (TERTTTR. TENRBI MENTER) ik
B, WIZeETHWFH B, XA H A, WS +HET,

IR —Ab S B FFARFATT SARBNX — 12, B 2RISR S B TR RIS E 2, &
BiXH, PRENEEERE, BENAINMTLEHE DM AEREIRE— e TR E
AR, ST EHIXOER” (ENEEN Rk,
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U - SEA SR J U IE R 79 57

NHEHAMUES ARG RE, F—FE0M: B A, BUWEI—2. 25HEME. PI—EEH
HYERT RO IS, R RBET ™ ASCHESR”  “HRA"  “UARRE" 1, A SRR EE

=4
NiiiNe}

— - JRAZEN (Mitchell, 1982) . HLas“ A3 HEMWIEN—1: 5 E AR —BU 2R s—1
BE, FINRIEE., 0t A ARG E, BHP A N2 ER; ARSI
LEH, ZRERZNEN, WE— A RELEM, 2 —5&, A HEANEEE, £F
WS EEMEEHAENMIAE XU R R H LG MRS R, WA RIBONRA S ], &
N5 HFAENFANTIAERSERHATE Lo ®, WRRASFE” W—HR" BEERRIER,

= - BASEWS %S (Seung, Opper & Sompolinsky, 1992; Hanneke, 2014) . FHZH
BRI Z A 73 BORPERAA PRI RIREAR, D IRREUR RS, o B ECUERMMES, BN
R K AR B ERBE B ATIRE, BTN, AIE: HEEDMEEY
R, STEREOE KSR, BRSNS RGN G, ASCRIN EHER T EE0E SN T
AE 53 B RN KT S SE N AR ZERIE T, W53 AN PR R KRR, 85+ =048 7 IX— 405K
Prik2,

= NHIZHINSER RS0k (Zhang, DeCarlo & Ying) . SAXHEEREN —N—T¢
AR AR AT 2 I RE R o I S, HRA AT —BUE I RHRAIZ, 5 THERA 9
AR PERBORERRE, 77 bRt K2R DUSHRRS S A NBENESS ™Y, B
TR EESAER WAE, BAT BImMBGEAR" o A HiEE e 25
FRER, LA MG, WS RR 2GS TS5 LRI B 42 S R Y,
TUARAT oy R S FURBORERE, A, B0 BdAhRE TR, NN ERNIREgR S AR S 17—
NERE, R —FRA R REIE G, B NAMEE,

g - MMZERITL (Tatsuoka, 1983) . HAEMERER" AERRZMBARNT fEMZSHIN ST
7, AXATAEBREL BiX—k, 05 : U RATHINZE RN — e W2 i 7 IR,
MIEE” 5 ASCGOLEEER AR, HE: B2 EiRE, BERRNTE LR ERE M
FEPREE 2R B HIEME R, & —5his, NZHEZRAE BEME EHRR 7 ARSI R,

. - WI2E S REFER 52 (Chi, Feltovich & Glaser, 1981) . LTRIGFIEYFE 3K,
FHAEIRED R —XZ" 28R 88" XN AR SIE, 25 enkr KA ELe
KAMEE, BLEHXGHTZANE, ACHRARMMBRERMAZRERZE, HXOODIDRAETRERE
Bo HIE: EMADREREEMRINPIZR, HHAEF R R ERRI A & TREAL, WA
SCHDMRATH” T ROKE” X 4RI AHRE ST, W ZAHRAHE S HIEH L,

7N - PUMERRERIR5E  (Wittgenstein, 1953, §185-201; Kripke, 1982) . {E{THRAYYIZRELSTC
752 FMETT A —RXRAOERBEmE#HSE, HRE T B4, 725 eEERN EAnTEE,
MAESEER BICRr 5k, A%, AarE —MERESR EREREHI, DU —&HIEMER,
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AR X —FATEHAE, ASOKMIEERRZRE2ME S, A ERIUZEEN” FN R
ARPHE™ BEh” FABUR E—DrE R o FANN A0l T A PR O IR SR
WIPEUERAEMTEE, ASOGX— RN stk %

t - RNIIERYUERRE (Quine, 1960) . [FI—HMEMHATZELAMIENHEIE, 757 £H
R EICIERE, EMRMERER; ASORAZEMAME MRS ERIHETER, B4 HEZ R
IR AE: L, ASCRIMEE AR H0E 5.

J\ - BERAEEEPER (Gold, 1967) . {UEIEHI, FEIESRERRNTTIEIHA, o5 JIUREERN
LR R T ARRMER), HUITEHHRANE R, AXWEIER X TAH RPN A, FHEH
IREATC MR o IR AR NEURE,  HEANIRIZEE H RE(EAS A] 3 X B L B R 2
T, WIASCRT” IBTCH” B LIRS A,

Ju - IBEAETS (Black & Wiliam, 1998) . EATTR” ZWEEEPIEER. KNRE™ . 72
St EEEREO OO ORI E RN, AR BIRIE B ER, SRATRIN A AR ZMEA
i — R NI RIS, AL RN AL, PN E . FE: EMANRIBUIRAEIRL, T —2H R
BN, 5 —dHEORAZAT R R RV 2 B, &N TER P M & &, G E
Al, MIASOET” il B9 EFK NN,

+ - IEB 55 (Gick & Holyoak, 1983) . @IERRBCZERE, ASXHIVF2H] T3 ERBIEHE
W, 5t IERUIFRAARMIASREHPUEIX — L&, 477 EEHIR, AHUERAIERR
B, AT RIERRS M, HE: BEFEOTORGERMIEZ G, P IEINRE 22 R o B R,
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NERHEZRAR i N A ST

- FREMTSE B SBAATH IO T, AXZATEH I T eI =R
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WHRABNT S5 EIEIE, BT IHSORFE LS, A BELDEEE, MEMIEZE
ARTAR” BN RATE —PEAE AR SEefiRe, MIASCHIN ST L RN 45 4
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A=A AT, 55 E  BORIEER S G — A . MAMEEERRR— Ay, [JHZER
— ML

RIE— PR E =5, EEGRE FNERNEZACEENIMES, mHEEGIAR, KX

ZH DM ARER eI, RAE—PEE: EERERARE, A, ITRENRZ—ER
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