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BEBANSER. SWUANEE, H—TRFN[FEISIAMRICHERZX.

https://mp.weixin.qg.com/s/VBpNVd120xUGaXDnpGz41A

22/40



2025/4/6 21:52

REMNDEIELAARR: S FUEE NSRRI SEZER
The Essence of the Perceptron Decision Boundary: A Multi-Solution Proof
of Model-Data Interaction and Its Philosophical Implications

Chapter 1: Introduction and Overview

1.1 Context and Motivation

From the mid-20th century onward, machine learning has profoundly shaped
our understanding of “artificial intelligence” and "automated learning.”
Among the earliest learning models is the Perceptron, an algorithm once
considered a milestone in Al history. It operates by iteratively adjusting its
parameters to separate training data into two classes (positive and negative).
Once Frank Rosenblatt and others established the Perceptron Convergence
Theorem, the field accepted that for any linearly separable dataset, the
Perceptron will eventually converge in a finite number of steps, finding a
hyperplane that cleanly distinguishes the two classes.

At first glance, this suggests that the resulting “decision boundary” or
“separating line” is an intrinsic property of the data: if the data are indeed
linearly separable, the Perceptron is simply “discovering” that built-in pattern.
However, subsequent empirical and theoretical work has shown that, for a
given dataset, the Perceptron might converge to different boundaries under
slightly different training conditions: a different initial parameter, a different
sample ordering, or a different learning rate can all yield different—but
equally correct—solutions. This phenomenon raises a natural question: If that
boundary were truly an innate property of the dataset, why do multiple
distinct solutions emerge under different training regimes?

In this article, we aim to show systematically that the Perceptron’s
convergent boundary is more accurately described as an outcome of the
model-data interaction—the model’s pursuit of a specific value objective
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(minimizing misclassification)—rather than a single “collective trait” or
“preexisting truth” within the data. Our discussion draws on the
epistemological framework of Subject-Interaction-Object (SIO) theory,
which emphasizes that all knowledge or results arise from ongoing interplay
between a subject (model) and an object (data), rather than from one side
alone.

1.2 Structure of the Article
To elaborate this argument in a systematic manner, the article is divided into
ten chapters:

1. Introduction and Overview: Explains the central theme, motivation, and
outline of the discussion.

2. Perceptron Algorithm: Historical Background: Traces the Perceptron’s
origin and the establishment of its convergence theorem, introducing the
traditional view of the decision boundary as a data-driven feature.

3. Traditional View vs. the Multi-Solution Challenge: Shows why treating
the decision boundary purely as a “data property” leads to confusion once
multi-solution phenomena are considered.

4. The Core of SIO (Subject-Interaction-Object) Theory: Introduces how SIO
conceptualizes knowledge as arising from interactions between subject and
object, setting the philosophical basis.

5. Mathematical and Experimental Perspectives: Uses formal arguments (the
set of solutions, discrete dynamical system) and simple experiments to
illustrate how different training paths lead to different boundaries.

6. Value Objectives and Path Dependence: Emphasizes how the Perceptron’s
objective of “minimizing classification errors” (and choices like initialization
or sample ordering) shape the final line.

https://mp.weixin.qg.com/s/VBpNVd120xUGaXDnpGz41A
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7. Further Philosophical Considerations: The Boundary as Symbolic
Expression: Connects the boundary’'s nature to deeper epistemological
ideas—how knowledge emerges, spreads, or becomes obsolete.

8. Real-World Illustrations: Extends the discussion to broader Al and
scientific research scenarios, drawing parallels with multi-solution
phenomena in neural networks, scientific theories, etc.

9. Responding to Potential Objections: Addresses possible
counterarguments that may question whether multi-solution boundaries
conflict with the notion of data-driven truths.

0. Conclusion and Future Directions: Summarizes key insights and suggests
directions for further research or application in machine learning.

In the chapters that follow, we proceed step by step, adding depth to each

argument and providing supporting evidence from mathematics, experiments,

and philosophical reasoning.

Chapter 2: The Perceptron Algorithm—Historical Background

2.1 Origins and Concept

The Perceptron was proposed by Frank Rosenblatt around 1957, inspired by
attempts to model how biological neurons might transform input signals into
output activations. The algorithm’s basic operation can be explained in non-
mathematical terms: it computes a weighted sum of input features and, if that
sum exceeds a certain threshold, it outputs 1 (or +1), else 0 (or -1). In
modern notation, we write:

yA=sign(w-x+b),\hat{y} = \text{sign}(\mathbf{w} \cdot \mathbf{x} +
b),y A =sign(w-x+b),

where weRn\mathbf{wh\in\mathbb{R}*nw&Rn is a weight vector, bERb\in
\mathbb{R}b&R a bias term, and x\mathbf{x}x an input vector. Geometrically,
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the inequality w-x+b>0\mathbf{w} \cdot \mathbf{x} + b > Ow-x+b>0 defines
one side of a hyperplane, meaning the Perceptron effectively partitions the
feature space into two classes—positive and negative.

2.2 Early Rise and Decline

During the late 1950s and 1960s, the Perceptron became a notable example
of "machine learning,” hailed for its potential. However, in 1969, Marvin
Minsky and Seymour Papert published Perceptrons, in which they highlighted
a significant limitation: the single-layer Perceptron cannot handle linearly
inseparable problems such as XOR. This realization triggered the first “Al
winter” by undermining the general optimism about Perceptrons.

Nonetheless, for linearly separable datasets, the Perceptron remains
effective: it can indeed learn a separating hyperplane in finite steps. This
fundamental capability persists even today in more advanced forms and has
influenced multi-layer neural networks and other, more sophisticated
algorithms.

2.3 Convergence Theorem

The Perceptron Convergence Theorem, established by Novikoff (1962) and
others, formally states that if a dataset is linearly separable, the Perceptron
will, in a finite number of updates, converge to a parameter
vector wx\mathbf{w}**wx and bias bxb”*bx that correctly classifies all
training samples. The classical proof involves bounding inner products and
norms to show that too many misclassification updates cannot happen under
linear separability.

From an early perspective, this was interpreted as the Perceptron
“recognizing” or “revealing” a preexisting boundary in the data. Many
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believed that, as long as data are linearly separable, the Perceptron’s final
hyperplane is a direct reflection of the data’s inherent classification structure.

2.4 Why Revisit the Nature of the Boundary?

It later became apparent that linearly separable datasets often admit infinitely
many valid hyperplanes, meaning the Perceptron’s final solution is by no
means unique. Even for the same dataset, a different initial weight or a
different training sequence might yield a different but equally valid boundary.
This raises a fundamental question: If the boundary were truly “the data’s
inherent property,” why would it vary with subjective training
parameters? This leads us into the "multi-solution challenge,” discussed in
the next chapter.

Chapter 3: Traditional View vs. the Multi-Solution Challenge
3.1 The Traditional Narrative: A Single “"Data-Driven” Boundary
A standard textbook explanation might proceed as follows:

1. The dataset is linearly separable, meaning at least one hyperplane can
distinguish positives and negatives.

2. The Perceptron, through a finite number of steps, finds such a separating
hyperplane.

3. Hence, that boundary is “uncovered” from the data’s structure.

On the surface, this reasoning appears robust. Indeed, if a dividing line

(hyperplane) truly exists, the algorithm’s success in discovering it feels like it

is “extracting” an inherent property of the data.

3.2 The Multi-Solution Problem
However, upon closer examination, we observe:
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o If (wxbx)(\mathbf{w}**, bA*)(wxbx) classifies the data perfectly, so
does (awx,abx)(\alpha \mathbf{w}”~* \alpha b"*)(awxabx) for any
scalar a>0\alpha > 0a>0.

e In high-dimensional spaces, one can often shift or rotate a hyperplane
slightly, still correctly classifying all data points.

e Empirically, changing initial weights or sample order can lead to different
final w\mathbf{w}w and bbb.

That is, linearly separable data often admit infinitely many valid solutions, so

the notion that a single “definitive” boundary is coded in the data itself is

problematic. If the boundary was a unique, stable “fact” then different

training choices would not produce multiple results.

3.3 The Role of Initial Conditions and Training Sequence
In practice, even for the same dataset:

o Different starting weights or bias lead to distinct update trajectories in
parameter space;

o Different sample orders (e.g., shuffling data each epoch) can converge to
different final solutions;

e Varying the learning rate or other hyperparameters also influences the
final boundary.

Hence, the Perceptron’s outcome depends not just on the data but also

on subjective factors within the model—contrary to the notion that the

solution is purely data-determined.

3.4 Conclusion of This Chapter

The phenomenon of multi-solution lines strongly suggests that the
Perceptron boundary should not be regarded as an immutable "objective
property” of the dataset. Instead, it invites us to take a model-data
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interaction perspective—one that acknowledges how the model’s objectives
and updating procedures shape the final classification boundary. This
perspective naturally connects to the SIO (Subject-Interaction-Object) theory
introduced next.

Chapter 4: Core Concepts of SIO (Subject-Interaction-Object) Theory

4.1 Origins of the SIO Perspective

Epistemology has long wrestled with whether knowledge is “objective”
(discovered from the outside world) or “subjective” (constructed by the mind).
Contemporary insights, especially from studies of scientific methodology,
point toward a more nuanced approach: knowledge arises through
interplay between the inquiring subject and the object of study, mediated by
specific methods, instruments, or interactive steps. SIO (Subject-Interaction-
Object) formalizes this stance, suggesting that any piece of knowledge or
result is a composite entity shaped by the subject’s perspective and the
object’s properties, not by either alone.

4.2 Defining S, I, and O

1. Subject (S): In the Perceptron’s case, the subject is the learning algorithm
itself—its structure, parameters, initial conditions, update rules, and also
the researcher’s choice (e.g., how to set the learning rate).

2. Object (0): The dataset, i.e., the external “environment” offering input
points and labels. It has a certain distribution but does not spontaneously
inform the model how to separate.

3. Interaction (I): The feedback loop of misclassification and weight/bias
adjustment. The model queries the data, the data signals “incorrect

classification” or not, and the model modifies its internal state accordingly.
4.3 Knowledge in the SIO Framework

https://mp.weixin.qg.com/s/VBpNVd120xUGaXDnpGz41A
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From the SIO viewpoint, “"knowledge” (e.g., a classification rule or a
discovered pattern) is not purely in the data, nor solely in the model, but co-
constructed via repeated interactions. In our example, the final decision
boundary is just such a co-constructed artifact:

e It depends on the data distribution (which must be linearly separable).

e It also depends on how the Perceptron algorithm decides to respond to
misclassifications, pursue zero error, and so forth.

Hence, the Perceptron’s boundary cannot be reductively labeled as “the data’s

inherent feature.” It is a “composite existence” that merges subject-driven

goals and object-imposed constraints.

4.4 Applying SIO to the Perceptron

e Subject: The Perceptron (including hyperparameters, initialization, update
steps).

e Object: The set of training samples.

 Interaction: Each iteration of checking classification correctness, adjusting
weights for misclassified samples, and gradually converging.

The boundary emerges from this iterative “dialogue.” If either side changes

(e.g., data distribution changes or the Perceptron modifies its objective), the

resulting boundary also changes.

Chapter 5: Mathematical and Experimental Perspectives
Building on the theoretical framework, we now delve into the specifics of how
“model-data interaction” shapes the Perceptron boundary.

5.1 The Existence of Multiple Solutions
Let {(xi,yi)}i=1Tm\{(\mathbf{x} i, y i)\} {i=1}"m{(xi,yi)}i=1Tm be our linearly
separable dataset. By definition, there exists at least one (wxbx)
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(\mathbf{w}~*, bA*)(wx,b*) such that

yi (wx-xi+bx*)>0for all i.y i\, \bigl(\mathbf{w}** \cdot \mathbf{x} i + bA*\bigr)
> 0 \quad \text{for all } i.yi(w*-xi+b=x)>0for all i.

However, we also see that for any a>0\alpha > 0a>0,
(awx, abx)(\alpha \mathbf{w}**\, \alpha b”*)(awx,abx)

still perfectly classifies all samples. In higher dimensions, you can rotate or
shift the boundary in ways that preserve the correct classification. Thus, from
a set perspective, the set of feasible solutions is typically infinite whenever
the data are truly separable.

5.2 The Training Process as a Discrete Dynamical System
The Perceptron update can be written:

(w(k+1),b(k+1))={(w(k),b(k))if sample i is classified correctly,(w(k)+nyixi,
b(k)+nyi)if sample i is misclassified.\mathbf{w}*{(k+1)}, b2 {(k+1)})=
\begin{cases} (\mathbf{w}*{(k)}, bA{(k)}) & \text{if sample } i\text{ is classified
correctly}\\ (\mathbf{w}~{(k)} + \eta \, y_i \, \mathbf{x} i,\; b~ {(k)} + \eta \,
y i) & \text{if sample } i\text{ is misclassified}. \end{cases}(w(k+1),b(k+1))=
{(w(k),b(k))(w(k)+nyixi,b(k)+nyi)if sample i is classified correctly,if sample i is
misclassified.

This is effectively a discrete dynamical
system in Rn+1\mathbb{R}*{n+1}Rn+1. Starting from (w(0),b(0))
(\mathbf{w}*{(0)}, bA{(0)})(w(0),b(0)), the system “travels” until it enters the
feasible region Q\OmegaQ. The particular path depends on the random or
sequential choice of misclassified points, the initial state, and so on.
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Eventually, the system will “stick" to a wvalid solution, but
precisely which solution is found can vary significantly. This path dependence
further underscores that the final boundary is shaped by the specific nature
of the model-data interaction.

5.3 Simple Experimental Demonstration

Consider a small 2D dataset that is obviously linearly separable (positive
examples in one cluster, negative in another). Run the Perceptron multiple
times, each time:

1. Randomizing initial weights.

2. Possibly shuffling data each epoch.

You'll often observe each run converges to a boundary that successfully
classifies the data, but these boundaries differ in slope and intercept. This
simple visual experiment vividly confirms that the boundary is not a single,
universal “property” of the data. Rather, it emerges from how the Perceptron
iteratively interacts with the data under certain conditions.

5.4 Boundary as “Interaction Signature”
In purely geometric terms, we represent the final boundary as:

wx-x+bx=0.\mathbf{w}~* \cdot \mathbf{x} + bA* = 0.w*-x+bx=0.

From a knowledge perspective, this equation encodes the entire negotiation
between data (which demands “classify me correctly”) and the model’s
internal steps (which choose how to move in weight space). That is why we
can view it as a crystallized outcome of the subject-object interplay, not
simply a “latent property” of the object.

Chapter 6: Value Objectives and Path Dependence
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6.1 “Minimize Errors"—The Algorithm’s Goal

The Perceptron continuously updates whenever it sees a misclassified
point. Implicitly, it's pursuing an objective of zero errors on the training set.
Crucially, the data do not “tell” the algorithm to reduce errors—that
impetus is built into the algorithm'’s structure.

Hence, the boundary formation can be seen as the model’s drive to satisfy
its target of zero misclassifications, with the data providing feedback
signals.

6.2 Path Dependence: Initialization and Update Order

Initial weights matter: If w(0)\mathbf{w}”*{(0)}w(0) is oriented in one
direction, fewer or more steps may be needed to converge, potentially
ending at a distinct solution.

Sample ordering matters: At each iteration, the Perceptron might find a
different misclassified sample to update on; a random shuffle each epoch
can nudge the system down different routes in parameter space.

Learning rate also affects how strongly the system “jumps” after each
misclassification.

Thus, the final boundary depends heavily on the training path, reinforcing the
notion of “subjective” influences embedded in the training process.

6.3 Example: Multiple Local Points in the Solution Space

In high dimensions, the feasible region Q\OmegaQ can be an expansive open
set. The discrete dynamic steps might land us anywhere within that region, so
the “landing spot” is not fixed. Another run of the algorithm would land us

somewhere else within Q\OmegaQ. The mismatch among different final
boundaries demonstrates that the boundary is not an inherent, single
“bridge” in the data. Instead, there's a broad “plane” on which the subject can
stand, so to speak, guided by error corrections.
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Chapter 7: Further Philosophical Reflection—The Boundary as Symbolic
Expression
Moving beyond the mechanics, we delve into deeper epistemic and
philosophical considerations: If the Perceptron boundary is not an innate
property of data, what exactly is it, and how does knowledge form in this
manner?

7.1 Symbol vs. Entity: No Absolute Boundary

7.1.1 Misconception of “Ontological Reality”

Some might suppose that the Perceptron’s boundary is akin to a physical law
embedded in the data. True natural laws or constants are typically stable and
universal. By contrast, the Perceptron boundary is sensitive to subjective
conditions—suggesting it's more akin to a symbol or relational
expression than a universal or “ontologically real” structure.

7.1.2 "Fiction” vs. “Mapping”

We cannot dismiss the boundary as a pure invention either: it does classify
the data 100% correctly, which is practically meaningful. But we also cannot
claim it's the one and only boundary “imposed by the data.” The sensible
stance is that it's a mapping-based expression that merges data constraints
and subjective algorithm design—an “interactive artifact,” neither purely
fictional nor purely objective.

7.2 Knowledge Dynamics: Emergence, Spread, and Death

The SIO framework emphasizes that knowledge can “die” or be replaced when
interactive environments change. For the Perceptron boundary, if new data or
a new distribution emerges, the old boundary may fail, necessitating
retraining. Knowledge is thus dynamic, not a static “truth.” The ephemeral
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nature of the Perceptron solution highlights how knowledge can be
contingent on context.

7.3 The Underlying Value Norm: Minimizing Error

Again, "minimize classification error” is a normative standard chosen by the
subject (the algorithm developer). A different standard (e.g., maximum
margin for SVM) yields a different result, even on the same data. Translating
this to broader contexts: We always incorporate certain values or goals in
the process of “learning” or “theorizing.” The Perceptron boundary is one
expression of such a goal—namely, zero training set errors—manifesting in
the final solution.

Chapter 8: Real-World Examples

8.1 Deep Neural Networks: A Myriad of Local Optima

Modern deep learning with large networks can be seen as a high-dimensional
extension of this phenomenon. Deep nets typically have non-convex loss
functions with countless local minima or saddle points. Different random
initializations or training procedures lead to distinct solutions that often yield
similarly high accuracy on the training set. This strongly parallels the
Perceptron’s multi-solution property—the model-data interaction is just
more complex and with more parameters.

8.2 Scientific Theories and Kuhn's Paradigm Shifts

Thomas Kuhn's Structure of Scientific Revolutions posits that science evolves
through paradigm shifts rather than a uniform accumulation of facts. A
reigning theory (like a "boundary” that explains known data) may be
supplanted by a new theory that better explains new anomalies. This
resonates with the Perceptron’s boundary concept: once new data deviate,
the old boundary or old “theory” must be revised. So, multiple theories can
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sometimes explain the same existing dataset, reflecting an analogous “multi-
solution” phenomenon in science.

Chapter 9: Addressing Potential Objections

9.1 Objection: “If the Data Are Linearly Separable, Isn’t That an Objective Fact?”
Reply: Yes, “the data are linearly separable” is indeed an objective geometric
fact meaning at least one valid hyperplane exists. But that does not imply
there is a unique hyperplane or that the data “dictate” a specific single
solution. The infinite solution set in a high-dimensional parameter space
remains consistent with the separability fact.

9.2 Objection: “But the Boundary Works on the Test Set Too—Isn't That Data-
Driven?”

Reply: A boundary that generalizes well on a test set does demonstrate
practical value. However, multiple different boundaries might also generalize
equally well. If you train the Perceptron multiple times with different seeds,
you may still get distinct hyperplanes that achieve nearly the same test
accuracy. So “performing well on the test set” does not re-establish
uniqueness or pure data-origination.

9.3 Objection: “Doesn’t This Undermine the Usefulness of Perceptrons?”

Reply: Not at all. The Perceptron’s practical relevance for simple tasks remains
intact. Its strength is that it efficiently finds some line that perfectly separates
the data (if possible). Acknowledging that the solution is “interaction-
dependent” simply clarifies that the boundary is not the sole universal
solution mandated by the data. It does not diminish the algorithm’s utility in
real tasks.

Chapter 10: Conclusion and Outlook
10.1 Overall Synthesis
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. Starting Point: The Perceptron is among the earliest linear classifiers,

guaranteed to converge in finite steps for linearly separable data.

. Traditional Perspective: This boundary is seen as the data’s inherent

“solution” or “pattern.”

. The Multi-Solution Issue: Even for the same data, the Perceptron can

converge to different boundaries under minor changes.

. SIO Perspective: We interpret the final boundary not as purely data-given,

but as a model-data negotiation outcome driven by the Perceptron’s
internal objective (zero training misclassifications).

. Mathematical and Empirical Evidence: The concept of multiple solutions,

discrete dynamical evolution, and example experiments illustrate the large
role played by training path and subjective choices.

. Value and Path Dependence: Minimizing errors is the key driver. Different

initial conditions, orders, or updates can produce different valid results.

. Broader Philosophical Context: Knowledge is an interaction-based

artifact, typically multi-solution. The Perceptron boundary exemplifies such
an artifact in a simple setting.

. Real-World Examples: Deep learning and scientific paradigms show similar

phenomena—multiple “theories” or solutions can coexist.

. Responses to Objections: Explaining how multi-solution boundaries do

not conflict with the data’s objective separability or the Perceptron’s
practical utility.

10.2 Key Conclusions

The Perceptron boundary emerges from the interplay of the algorithm’s
demand (subject) and the data’s constraints (object); it is not a single
“objective property” of the data.

Different runs produce different lines, all valid if they classify the training
data accurately.
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In knowledge-theoretic terms, it is a “co-constructed result” or “composite
existence,” reflecting both data distribution and the algorithm’s own rules
and initial conditions.

10.3 Future Directions and Implications

1

. Machine Learning Practice: Recognizing the subjectivity in model

construction and training can guide practitioners to systematically explore
multiple seeds, parameter settings, and thus better understand the breadth
of valid solutions.

. Epistemology: The Perceptron is a miniature example showing how

“knowledge” (here, a classification boundary) is shaped by interplay rather
than discovered in an absolute sense.

. Complex Al Systems: Deep neural networks share a similar multi-solution

characteristic. Understanding the simpler Perceptron case can help clarify
the more complicated scenarios of high-dimensional networks.

. Cross-Disciplinary Reflections: In social sciences, natural sciences, and

beyond, the notion of “multiple valid theories” emerges often, akin to the
“multiple valid boundaries” phenomenon. An SIO stance can facilitate
bridging these perspectives and endorsing diverse explanatory frameworks.
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(Additional citations may be added as appropriate. The above references
serve as context for the historical and theoretical points mentioned in the
article.)

Closing Remarks

Across these ten chapters, we have shown—mathematically, experimentally,
and philosophically—that the line to which the Perceptron converges is
determined not only by data’s separability but also, crucially, by the
algorithm’s internal drive and the specifics of training. Therefore, it is best
viewed as an artifact of model-data interaction rather than a single,
universal property lying dormant in the data. Recognizing this has significant
implications for how we interpret machine learning results, how we
acknowledge multi-solution phenomena, and how we connect Al theories to
broader epistemic questions: knowledge, whether in Al or science, is shaped
by continuous interplay between the observer (subject) and the observed
(object).

In sum, the Perceptron’s decision boundary stands as a vivid illustration that
any learned boundary or theory in a given context is not solely “from data.”
Instead, it represents a co-created structure—a reflection of both the
constraints set by the data and the model’s internally chosen objectives and
procedures.

We hope this work will inspire readers to look beyond the simplistic view that
“the data have a single boundary” and to appreciate the nuanced role of
interaction in forging what we call "knowledge” in machine learning and
beyond.
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